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02( )
arccosh(1 )
w
C q
D
R

2
2
C
Nm
2 2
0
2
1
( ( ) )
2 ,
( )
( 2 ) arccosh (1 )
elec
w
w
d C D V V
f
d D D
D D R
R
,wD R D 
2 2
0 0
2 2
,
( )arccosh ( ) ( )ln (2 )
elec
W W
V V
f
D U D U
D U D U
R R
 ( 1) 2 2
2 2
6 2 2 3.5
( )[3 2( ) ]
,
2[( ) ]
o
i
R D N d
vdW
R R r D
E R R r R R r
C
L R r R

4 3 2 2 3 4( 1)
2 2
6 4.5 4.5
( 1)
2 2
6 5
( ) (8 32 72 80 35 )
2 ( 2 )
1
4 ,
o
i
vdW R D N d
vdW
R R r D
D N d
W W
r D
E
d R r r R r R rR RLf C
dr r r R
C N R
r

( 1) ( 1)
5 5 4 4 4
1 1 1 1 1 1 1
[ ]
4 ( ( 1) ) 4
D N d D N d
D
r D
dr
d dr r D D N d dD
2 2 1 4
6( ) .vdW W Wf D C N R d D
 2 2
2 2
0
2 3 4
2 3 4
0 0 0
,
( )
( ) 0
L
elas elec vdW eff elec vdW
L L L
eff eff eff elec vdW
d U d U
W W W W E I f U f U dX
dX dX
d U dU d U d U
E I E I U E I f f UdX
dXdX dX dX


4
4
,elec vdW
d U
EI f f
dX
(0) (0) 0
dU
U
dX
2 3
2 3
( ) ( ) 0
d U d U
L L
dX dX
2 2 4
6
4
2 4
0
2
,
,
,
and
.
W
eff
W
eff
U
u
D
X
x
L
C N L
f
dE ID
D
k
R
V L
E ID
4
4 4 2
,
(1 ( )) (1 )ln [2 (1 )]
d u f
dx k u x u k u
(0) (0) 0
du
u
dX
2 3
2 3
( ) ( ) 0
d u d u
L L
dx dx
 2 3 4
1 2 2
6 7
1 22 3 2 3
8
2 12 2 3 2 2
1 1 1
( ) ( )
2! 3! 4! ln (2 )
1 4 2 1 4 2
( ) ( )
6! 7 !ln (2 ) ln (2 ) ln (2 ) ln (2 )
1 4 2 60 6 3 3
{( )( ) [ (1 )] }
8! ln(2 )ln (2 ) ln (2 ) ln (2 ) ln (2 ) ln (2 )
1 200
[
9!
f
u x C x C x x
k k
f f
C x C x
k kk k k k
f f f
C C x
k k k kk k k k k
f
k
9
1 22 2
20 3 3
(1 )] ...,
ln(2 )ln (2 ) ln (2 )
C C x
kk k
  
 
2
2
3
ln [2 (1 )]
8 (1 )ln [2 (1 )]
(1 )
tip
tip tip tip
tip
f k u
u u k u
k u
 
 
 

0 0.2 0.4 0.6 0.8 1
0
0.1
0.2
0.3
0.4
Numerical
MAD
u
x
=0
18(Pull-in)
17.4(Pull-in)
12
0 0.1 0.2 0.3 0.4
0
1
2
3
4
5
6
7
8
Numerical
MAD
Lumped

u
tip 0 0.1 0.2 0.3 0.4
0
5
10
15
20
Numerical
MAD
Lumped

u
tip
 
0 5 10 15 20 25 30 35 40 45 50
0
5
10
15
20
25
30
35
40
45
50
Numerical; k=50
MAD; k=50
Lumped; k=50

PI
f
0 2 4 6 8 10
0
2
4
6
8
10
12
14
16
18
Numerical; k=10
MAD; k=10
Lumped; k=10

PI
f
 

2
1 2 6A C  
0 10 20 30 40 50
0
0.1
0.2
0.3
0.4
0.5
0.6
Numerical; k=50
MAD; k=50
Lumped; k=50
u
PI
f 0 2 4 6 8 10
0
0.1
0.2
0.3
0.4
0.5
0.6
Numerical
MAD
Lumped
u
PI
f
 4
, , 0 ,by x f x y x L
0 , 0
0 1
y y
4 ,L y x f x y
4
4
4
d
L
dx
4
0 0
4-fold
... . ...
x x
L dx dx
0
n
n
y x y x
 0 0
4
1
,
.n k
y x
y x L f
0
,n
n
N f g A
0
1
.
!
n
n n
d
A f g
n d
0
1
( , ) ( ),
n
n v
v
A C v n h g
1
1
1
( , ) , , 0, 0 , for 1 1
!
i
ii
v
v k
i i ipip
i
C v n g k p n n i n p n v
k
0 0( ) [ ( ( ))]
v
v v
d
h g f g
dg
0 0 0
1 1 0 1 1 0
2
2 1 0 2 0 2 1 0 1 2 0
3
3 1 0 2 0 3 0 3 1 0 1 2 2 0 1 3 0
( )
(1,1) ( ) ( )
1
(1,2) ( ) (2,2) ( ) ( ) ( )
2!
1
(1,3) ( ) (2,3) ( ) (3,3) ( ) ( ) ( ) ( )
3!
......
A h g
A C h g g h g
A C h g C h g g h g g h g
A C h g C h g C h g g h g g g h g g h g
 0
2 3 4
1 1 2 2
6 7
2 1 22 3 2 3
8
22 2 3
2 8
3 12 2
1
1 1 1
( )
2! 3! 4! ln (2 )
1 4 2 1 4 2
( ) ( )
6! 7 !ln (2 ) ln (2 ) ln (2 ) ln (2 )
1 4 2
( )( )
8! ln (2 ) ln (2 ) ln (2 )
1 60 6 3 3
[ (1 )]
8! ln(2 )ln (2 ) ln (2 )
y
f
y C x C x x
k k
f f
y C x C x
k kk k k k
f f
C x
k Kk k k
f
y C x
k kk k
9
1 22 2
2
2 102
12 2 2 2 3
2 2 2
1 200 20 3 3
[ (1 )]
9! ln(2 )ln (2 ) ln (2 )
1 10 3 3 4 2
{60[( ) ][ (1 )] ( ) }
10! 2 3 ln(2 )2 ln (2 ) ln (2 ) ln (2 ) ln (2 ) ln (2 )
1 10 3 3
{70( )[ (1 )
11! ln(2 )ln (2 ) ln (2 ) ln (2 )
f
C C x
k kk k
Cf f f
C x
k k k kk k k k k
f f
k K kk k k
2 11
22 3
2 2 12
2 2 3 2 2 2 3
4 2
] ( ) }
ln (2 ) ln (2 )
1 4 2 10 3 3 4 2
{( )( ) 840[ (1 )]( ) }
12! ln(2 )ln (2 ) ln (2 ) ln (2 ) ln (2 ) ln (2 ) ln (2 ) ln (2 )
.
f
C x
K k k
f f f f
x
k K k k kk k k k k k k
0 1 2 3 4 5 6 7 8
0
0.2
0.4
0.6
0.8
Stable branch
Unstable branch
u
tip

 
 
